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Abstract

The aim of the present paper is to establish several fuzzy differential subordinations by using a linear operator.

Some interesting fuzzy consequences are also considered.
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INTRODUCTION

In 1965 Lotfi Zadeh introduced the
special concept of fuzzy set in the work [19].
The new notion of fuzzy subordination was
defined and studied recently in the papers [13-
55]. This theory was developed in order to
extend the classical differential subordination
theory introduced and studied by S.S. Miller and
P.T. Mocanu in [10]. In 2002 was studied the
dual notion, of differential superordination [5].
See also interesting papers [3] and [11].

Since then, numerously researchers
studied different properties [16] of differential
operators involving  fuzzy  differential
subordinations and superordinations: Wanas
operator [2], [18], generalized Noor-Salagean
operator [12], Salagean and Ruscheweyh
operators [1] or other certain linear operator
[9].

In this paper, fuzzy differential
subordinations is added to the previous studies
associated with a linear operator.

Denote by U the open unit disc of the
complex plane:

U={z€eC:|z| <1}.

Let ¢ be the class of analytic functions in
U and for a € C and n € N let ¢/ [a,n] be the
subclass of ¢/ consisting of functions of the

form
f(Z) =atazta z'+..,z€ U.

Let &2 (p,n) denote the class of functions
f(z) normalized by

fz) = 2P + Z§=p+u a,z* (p,n € N =
{1,2,3,...})

which are analytic in the open unit disc. In
particular, we set

A1) = A and A(1,1) = A =c.

Let

at = {fe 0“ 0), f(Z) =7z + apz™ +
with 0412 04

In order to use the concept of fuzzy
differential subordination, the following notions
are necessary.

Definition 1.1. [19] A function

F:X—- [0,1] is named fuzzy subset, where X
is a non-empty set. Another definition will be

the next one: A pair (A,FA) with

F,: X —[0,1]

A={xe X:0<F, (x)<l}=sup(4,F,)
is named a fuzzy subset of X. Set 4 represents
the support of the fuzzy set (A4, F, ). Also F, is

named the membership function of the fuzzy set

(A,FA). One can also denote 4 = sup(A,FA).

Remark 1.1. [15] Let be the inclusion
relation 4 < X . Then we have
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F () 1, ifxeAd
X)= .
4 0, ifxed

The real number 0, for a fuzzy subset, is

the smallest membership degree of x € X to A.

Likewise, the real number 1 is the biggest
membership degree of x e X to A.

The entire set X is associated with

F (x)zl,xeX and the empty set J < X is

X
associated with F, (x)=0,xe X .

Definition 1.2 [13] Consider two
functions f,ge H(D),Dcl , z,€D,beinga

fixed point. We say that the function f is fuzzy
subordinate to g and written as

f<rgor f(x)=<,g(x), zeD,
If the following relations are verified:
Lo f(z)=28(2);
2. Ff(D)f(z) < Fg(D)g(z),z eD.
Definition 1.3 [14] Consider function
W:0°xU -0 and let h be an univalent
function in U satisfying
Y(a,0,0)=h((0)=a .
We say that p is named a fuzzy solution of

the fuzzy differential subordination if p is an
analytic function in U, such that p(0)=a and

verifies the next (second-order) fuzzy
differential subordination:
(1.1

Fw([ SxU)‘P (p(z), zp'(z),zzp”(z);z) <F,)h(2),z€eU

For all p satisfying (1.1) the univalent
function q is named fuzzy dominant of the fuzzy
solution for the fuzzy differential subordination,
or a fuzzy dominant, if

Founp(2) < Fyq(2).2€U.
A fuzzy dominant g which verifies

F;(U)q(z) < F;(U)q(z),z eV,
for all fuzzy dominants g of (1.1) represents the
fuzzy best dominant of (1.1).

MATERIAL AND METHOD
We begin our investigation by recalling
here a generalized differential operator defined
in [6].
Definition 2.1. [6] Let f € #&(pn). For m €
No=NU{0}, Ae R, A 2 0, I = 0, we define the

151

multiplier trasformations I,'(4,1) on A(p,n) by
the following infinite series
(2.1) 1™, DF(7) =2 +

T p+Alk—pl+l ”"a Sk
-l =ptn o+l k '

It follows from (2.1) that

(2.2)

p+ D ADF(2) = [p(1—2) +
QM ADf(2) + 217 (A Df ()

Remark 2.1. For p=1, =0, A=0, the operator
17"(4,0)= D" was introduced and studied by
Al-Oboudi [4] which reduces to the Salagean
differential operator [17] for A = 1. The operator
17*(1, )= 1™ was studied recently by Cho and
Srivastava [7] and Cho and Kim [8].

In this paper, we will derive several fuzzy
subordination results involving the operator
17" (4. 1) denoted by I™(A4,1) . In order to prove
our main results, we also need the following
result.

Lemma 2.1 [10] Let g be a convex function in U,
& € C* and suppose that

U (2) = q(z)+nzq'(2),
where n € R*,

If the function h € H[q(0),n] and
@:C2xU » €

@(h(z2), zh'(2))= h(z) + = zh'(2)

is analytic in U, with h(0) = q(0), then

Flp:(s‘x;r}[h(zj + azh'(z)]= Fyan¥(2)
,ze U

i.e.

h(z) + azh'(z) <z ¢(2)
implies
Fh-:l_T}h(Z) = Fq,:u}q(z:], =ClU
ie.

h(z) < q(2)
and q is fuzzy best (g(0), n) dominant.

RESULTS AND DISCUSSIONS
Theorem 3.1. Let g be a convex function in U,
with g(0)=1, ¥ € C*,

If £ e oA1,n
differential subordination
(3.1)

tnd ¢ v
Fo®(2)) < Fyn (6(2) + 2 24'(2))
where

satisfies the fuzzy
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B2 #(z)="2y
(o nf@) zmu,z)f(z)),
then

w .::Fq(z)

=

and gis the fuzzy best dominant of (3.1).
Proof. We define the function

(33)  h(z) = "’—"‘"” (=)

Using the form (2.1) of the operator (3.1) we
deduce that 4 € g#[Zn], g(0)= A(0).

Differentiating (3.2) with respect to z
and using the identity (2.2) in the resulting
equation we have

=h'(z) _ 141 (f”“-':m:l B L)
miz) A4\ IMiAD '

Therefore, we obtains

f"(ju—:lf(z}_l_:(lrm+l(l’g)f(z) m (A,I)f(z))
= h(2) + f—izb'(Z)-

The fuzzy differential subordination (3.1) from
the hypothesis becomes

Fuw (h(2) + L2 2R/(2))
= ,U}{q(zj +—zq”z))

1+1
i.e.
yd ¥A
hz) + zh'(2) <7 a(2) + za'(2).
Further, we apply Lemma 2.1 with & = l}r—i to

obtain the conclusion of the Theorem 3.1 ©

If we consider m = 0 in Theorem 3.1 we obtain
the following result.

Corollary 3.1 Let g be a convex function in
with g(0)=1, ¥ € C*.

If £ € A(l,n) satisfies the fuzzy
differential subordination

GH  (-piZ+

A=)
T a@+ 2

i.e.

¥
Fo 6N < Fyw (1) +75724'®)
where
fi=) z} D=
6@ =1-n2+ /7=
then
()
= <92

and g is the fuzzy best dominant of (3.4).

We consider a particular convex function g(2) =
l4+dAs

to give the following application to
_+B=

Theorem 3.1.

Corollary 3.2 Let ¥ € C, A # Bsuch that-1 <B
<A<1landRey>0.
If £ € J2(,n) satisfies the fuzzy

differential subordination
ML)
35 (1-) ty—
144z | 34 (4-B)=
T 148z 1+1(1+B=)®

M+Lrq 4 i
1 (A0 Fl=) <

-

ie
1+4= yd (A—-B)=z
Fen®(2) = Fap) (1+Bz + m(uaz}:)
where (=) is defined in (3.2)
then
m ".L:I'f (=) 144z
F o1+

and g(2) =

Taking g(2) = t—i in Theorem 3.1 we obtain

the following corollary.

Corollary 3.3 Let ¥ € C and £ € &(1n)
satisfies the fuzzy differential subordination

MADF(=) M YA fisl
36 (1-p—0—+ =<
1tz et 2=
Fi-z ' 141(1-2)2

i.e

. 1+
F«:-:u}‘#’(z,l{ -u}( -
where €(z) is defined in (3.2)

mll 2z )
1+t (1—z)®

then
IMADFi=) 14z
{f
“ 1l-z

and g(2) = —i is the best dominant of (3.6).
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