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Abstract 
The aim of the present paper is to establish several fuzzy differential subordinations by using a linear operator. 
Some interesting fuzzy consequences are also considered. 
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INTRODUCTION 
In 1965 Lotfi Zadeh introduced the 

special concept of fuzzy set in the work [19]. 
The new notion of fuzzy subordination was 
defined and studied recently in the papers [13-
55]. This theory was developed in order to 
extend the classical differential subordination 
theory introduced and studied by S.S. Miller and 
P.T. Mocanu in [10]. In 2002 was studied the 
dual notion, of differential superordination [5]. 
See also interesting papers [3] and [11]. 

Since then, numerously researchers 
studied different properties [16] of differential 
operators involving fuzzy differential 
subordinations and superordinations: Wanas 
operator [2], [18], generalized Noor-Sălăgean 
operator [12], Sălăgean and Ruscheweyh 
operators [1] or other certain linear operator 
[9].   

In this paper, fuzzy differential 
subordinations is added to the previous studies 
associated with a linear operator.  

Denote by U the open unit disc of the 
complex plane: 

U = {z ∈ ℂ : |z| < 1}. 
Let H be the class of analytic functions in 

U and for a ∈ ℂ and n ∈ N let H [a,n] be the 
subclass of H consisting of functions of the 
form 

f (z) = a + anzn + an+1zn+1 + ... , z ∈ U. 

 

 
Let A (p,n) denote the class of functions 

f(z) normalized by 
f(z) = zp + , (p, n ∈ ℕ := 

{1,2,3,...}) 
which are analytic in the open unit disc. In 

particular, we set  
A(p,1) := Ap and A(1,1) := A =A1. 
Let 
An = {f ∈ H (U),  f (z) = z + an+1zn+1 + 

...} 
with A1= A. 
In order to use the concept of fuzzy 

differential subordination, the following notions 
are necessary. 

Definition 1.1. [19] A function 
 : 0,1F X   is named fuzzy subset, where X  

is a non-empty set. Another definition will be 
the next one: A pair  , AA F  with  

 : 0,1AF X   

      : 0 1 sup ,A AA x X F x A F      

is named a fuzzy subset of X. Set A represents 
the support of the fuzzy set  , AA F . Also AF  is 

named the membership function of the fuzzy set 

 , AA F . One can also denote  sup , AA A F . 

Remark 1.1. [15] Let be the inclusion 
relation A X . Then we have 
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1,        if 

( )
0,       if A

x A
F x

x A


  

 . 

The real number 0, for a fuzzy subset, is 
the smallest membership degree of x X  to A. 
Likewise, the real number 1 is the biggest 
membership degree of  x X  to A. 

 The entire set X is associated with 

  1,XF x x X    and the empty set X   is 

associated with   0,F x x X   . 

Definition 1.2 [13] Consider two 
functions , ( ),f g H D D   , 0z D , being a 

fixed point. We say that the function f is fuzzy 
subordinate to g and written as  

Ff g  or     Ff x g x , z D , 

If the following relations are verified: 
1.    0 0f z g z ; 

2.    ( ) ( ) ,f D g DF f z F g z z D  . 

Definition 1.3 [14] Consider function 
3: U    and let h be an univalent 

function in U satisfying  
 ( ,0,0) (0)a h a    . 
We say that p is named a fuzzy solution of 

the fuzzy differential subordination if p is an 
analytic function in U, such that (0)p a  and 
verifies the next (second-order) fuzzy 
differential subordination: 

     
(1.1)

   3 )
2

(( ), ( ), ( ; ( ),) h UU
F F h z z Up z zp z z p z z
 

   


 

For all p satisfying (1.1) the univalent 
function q is named fuzzy dominant of the fuzzy 
solution for the fuzzy differential subordination, 
or a fuzzy dominant, if  

   ( ) ( ) ,p U q UF p z F q z z U  .  

A fuzzy dominant q  which verifies 

 
    ( )( )

,q Uq U
F q z F q z z U  ,  

for all fuzzy dominants q of (1.1) represents the 
fuzzy best dominant of (1.1).  

 
 
 

MATERIAL AND METHOD 
We begin our investigation by recalling 

here a generalized differential operator defined 
in [6]. 
Definition 2.1. [6] Let f ∈ A(p,n). For m ∈ 
ℕ0=ℕ∪{0}, λ∈ ℝ, λ ≥ 0, l ≥ 0, we define the 

multiplier trasformations  on A(p,n) by 
the following infinite series 
(2.1)   zp + 

. 

It follows from (2.1) that 
(2.2) 

 
Remark 2.1. For p=1, l=0, λ≥0, the operator 

≡  was introduced and studied by 
Al-Oboudi [4] which reduces to the Sălăgean 
differential operator [17] for λ = 1. The operator 

≡ was studied recently by Cho and 
Srivastava [7] and Cho and Kim [8]. 

In this paper, we will derive several fuzzy 
subordination results involving the operator 

 denoted by  . In order to prove 
our main results, we also need the following 
result. 
 
Lemma 2.1 [10] Let q be a convex function in U, 

 ∈ ℂ* and suppose that 
ψ (z) = q(z)+nzq'(z), 

where  *. 
If  the function h  ∈ H[q(0),n] and 

 
(h(z), zh'(z))= h(z) +  zh'(z) 

 
is analytic in U, with h(0) = q(0), then 

 

,  
i.e. 

 
implies 

,  
i.e. 

 
and q is fuzzy best (q(0), n) dominant. 

 
 

RESULTS AND DISCUSSIONS  
Theorem 3.1.  Let q be a convex function in U, 
with q(0)=1,  ∈ ℂ*.  

If f ∈ A(1,n) satisfies the fuzzy 

differential subordination  
(3.1)                          

 

where 
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(3.2)        + 

, 

then  

 q(z) 

and q is the fuzzy best dominant of (3.1). 
Proof. We define the function 

(3.3)     . 

Using the form (2.1) of the operator (3.1) we 
deduce that h  ∈ H [1,n], q(0)= h(0).          

Differentiating (3.2) with respect to z 
and using the identity (2.2) in the resulting 
equation we have 

=  . 

Therefore, we obtains 
 

 +  

= h(z) + zh'(z). 

The fuzzy differential subordination (3.1) from 
the hypothesis becomes 

  

 

i.e. 

. 

Further, we apply Lemma 2.1 with  =  to 

obtain the conclusion of the Theorem 3.1 ⸋ 
 
If we consider m = 0 in Theorem 3.1 we obtain 
the following result. 
 
Corollary 3.1 Let q be a convex function in U, 
with q(0)=1,  ∈ ℂ*. 

 
If f ∈ A(1,n) satisfies the fuzzy 

differential subordination  

(3.4)            + 

 

i.e. 

 
where 

, 

then  

 q(z) 

and q is the fuzzy best dominant of (3.4). 
 

We consider a particular convex function q(z) = 

 to give the following application to 

Theorem 3.1. 
 
Corollary 3.2 Let  ∈ ℂ*, A ≠ B such that -1 ≤ B 
< A ≤ 1 and Re γ > 0.  

If f ∈ A(1,n) satisfies the fuzzy 

differential subordination  

(3.5) +   

 +  

i.e 

 

where  
then  

  

and q(z) =   is the best dominant of (3.5). 

Taking q(z) =   in Theorem 3.1 we obtain 

the following corollary. 
 
Corollary 3.3 Let  ∈ ℂ* and  f ∈ A(1,n) 

satisfies the fuzzy differential subordination  

(3.6) +   

  +  

i.e 

               

where  
 
then  

  

and q(z) =   is the best dominant of (3.6). 
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