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Abstract

The paper aims to present a survey on certain fuzzy differential subordinations, namely fuzzy differential
superordinations, for analytic functions defined in the open unit disc. The new results are derived by considering a
certain differential operator. Some interesting further fuzzy consequences are also considered.
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INTRODUCTION

S.S. Miller and P.T. Mocanu have been
introduced in Geometric Function Theory of one
complex variable functions, the admissible
functions method, known as "the differential
subordination method", as we can see in the
works [10-12]. There are many important
applications of this method. One of them allows
to obtain new results in the domain and also to
prove certain classical results in the field.

Lotfi Zadeh in 1965 has introduced the
special concept of fuzzy set in the work [22]. In
recent papers G.I. Oros and Gh. Oros developed a
new direction of this set, approaching the notion
in the context of Geometric Function Theory.
Thus, the papers [16-18] presents the new
concept of fuzzy differential subordination.

The notion of differential
superordination was introduced by Miller and
Mocanu [14] as a dual concept of differential
subordination and was also developed in [13].
Also, this notion was studied by T. Bulboaca in

[5].

The new notion of fuzzy differential
superordination was introduced in 2017 in [4].
Since then, numerously researches studied
different properties of differential operators
involving fuzzy differential subordination and
fuzzy differential superordination [19], Wanas
operator [3], [21], generalized Noor-Saldgean

operator [15], Sadlagean and Ruscheweyh
operators [2] or other certain linear operator [9].

In this paper, fuzzy differential
superordinations is added to the previous
studies associated with a linear operator.

Denote by U the open unit disc of the
complex plane:

U={z€eC: |4 <1}.

Let /£ be the class of analytic functions in
U and for a € C and nel] let ¢# [a,n] be the
subclass of g# consisting of functions of the form
f(2)=a+anz" + app1z0tt + .., z€ U

Let g2 (p,n) denote the class of functions Az)
normalized by

f2) =20 + Yo pin Wz", (p.nEN: ={1,2,3,.})

which are analytic in the open unit disc. In
particular, we set g2 (p,1) := #pand g2 (1,1) :=
A=A1rletA.={feH ), f(2=z+
An+1Zntl 4+ }
with 041= aq

We denote by Q the set of functions fthat
are analytic and injective on U \ E(f), where

E(h={{€0dU: lziggf(Z) = oo}
and are such that £({) # 0 for { € dU \E(/).
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Since we use the term of fuzzy
differential superordination, we review here
some definitions.

Definition 1.1. [22] A function F: X —)[O,l]is
named fuzzy subset, where X is a non-empty
set. Another definition will be the next one: A
pair (A4, F,) with F,: X —[0,1]

A={xeX:O<FA(x)S1}=sup(A,FA)
is named a fuzzy subset of X. Set Arepresents the
support of the fuzzy set (4,F,). Also F, is

named the membership function of the fuzzy set

(4,F,).One can also denote 4 =sup(4,F,).

Remark 1.1. [18] Let be the inclusion relation
A c X . Then we have

7 1, ifxeAd
=10, itxed

The real number 0, for a fuzzy subset, is
the smallest membership degree of x€ X to A
Likewise, the real number 1 is the biggest
membership degree of x € X to 4.

The entire set X is associated with
F, (x) =1,xe X and the empty set I X is

associated with F, (x) =0,xeX.

Definition 1.2 [16] Consider two functions
f,geH(D),Dcl, z, € Dbeing a fixed point.

We say that the function fis fuzzy subordinate to
gand written as

f=<pgor f(x)-<F g(x), zeD
If the following relations are verified:
1. f(zo)zg(zo);
2. Ff(D)f(Z)SFg(D)g(Z),ZGD.

Definition 1.3. [4] Let ¢ : C3x U— C and let ~be
analytic in U. If the functions p and ¢ (p(2),
zp'(z), z2p''(z); z) are univalent in U and satisfy

the (second-order) fuzzy differential
superordination
(1.1

Fuih@) < Fyn ) (@(p(2),20'(2). 20" (2052
i.e.

h(z) <, ©(p(2).2p'(2).2°p"(2);2)
then p is called a fuzzy solution of the fuzzy
differential  superordination. An analytic

function g is called fuzzy subordinant of the
fuzzy differential superordination, or more

simply a fuzzy subordination if g(z)<, p(z),
z e U, forall psatisfying (1.1). A univalent fuzzy

35

subordination 5 that satisfies 5-<F g for all

fuzzy subordinate g of (1.1) is said to be the
fuzzy best subordinate of (1.1). Note that the
fuzzy best subordinant is unique to a rotation of
U

MATERIAL AND METHOD
We begin our investigation by recalling

here a generalized differential operator defined
in [6].

Definition 2.1. [6] Let f € g# (p,n). For m €
No=NuU{0}, Ae R, A = 0, / = 0, we define the
multiplier trasformations I3}* (4, [) on & (p,n) by
the following infinite series

(2.1) I'A,Df (z) =zr +
o p+Ak-p)+1]™
+Zk:p+n [ p+l ] aka
It follows from (2.1) that
(2.2)

( + DI Df (@)
=[pA -+ U4 Df(2)
+ /12(1{,"(/1, Df(2)
Remark 2.1. For p=1, /=0, A = 0, the operator
I7*(4,0) = D;* was introduced and studied by
Al-Oboudi [1] which reduces to the Sdldgean
differential operator [20] for A = 1. The operator
I7"(1, 1) = IJ" was studied recently by Cho and
Srivastava [7] and Cho and Kim [8].

In this paper, we will derive several fuzzy
superordination results involving the operator
I7*(2,1) denoted by I"™(4,1). In order to prove
our main results, we also need the following
result.

Lemma 2.1 [4] Let g be convex in Uand let p be
defined by

p(z)=q(2) + l zq'(2), with Re a > 0.
a

If he gtlan] N Q the function 4(2) + l zh'(2)
o

is univalent in Jand

q(2) + lzq’(z) <z h(2) + lZ])'(Z),

a a

i.e

Fpanp(2) < Freexpylh(2) +
%zh’(z)],z eEU

then

| 9() <5 ()
1.e.
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Fq(U)CI(Z) < Fh(u)h(Z),Z evu
where

a(2)== [, por* e
z

and gis the fuzzy best subordinant.
We recall further the next the following
fuzzy differential “sandwich theorem”

Theorem 2.2. [4] Let s and A, be convex in [,
with 4 (z)=h,(z)=a.Leta € C, Re a > 0 and
let the function g, be defined by

_g z a-1
4,(2)=— |, ploedr

for i=1,2.If p€ g#1a,1] N Q and p(2)+ l zp'(2)
a
is univalent, then
1
h(z) <TP(Z)+; zp'(2)<F hy(2) = q,(2)

<r p(2 <7 q,(2),z € U.
The function, ¢, and g,are convex and

they are respectively the fuzzy best subordinant
and fuzzy best dominant.

The authors established earlier the
following theorem.

Theorem 2.3. Let g be a convex function in
with g(0)=1,y € C*.

If f € A(,n) satisfies the fuzzy
differential subordination

(3.1) Fou)®(2)) <
Fowy (02 + 229/ @))
where
(3.2) ®(2) = 1", l)f(Z)
L@ nf@) - 1"ADF@),
then
1 (l,:)f(Z) <7 q(2)

and gis the fuzzy best dominant of (3.1).

RESULTS AND DISCUSSIONS

Theorem 3.1. Let g be convex in J, with
g(0)=1,yeC,Rey>0.
If f€ g# (1,n) such that

m
e Df(z) € gt1q(0),n] N Q and

LGOI L ¥ (i f(2) — 1ML DF )

is univalent in U and the following fuzzy
differential superordinations holds

(3.1)
q(z) +

Mm@ADf(2)
IHZCI '(z) <¢< —, T

LI @, nf (@) - MA,Df@),
then

mANf(2)
92 <g——

and g is the fuzzy best subordmant of (3.1).
Proof. We define the function

32 h) = zmuz)f(z)

Differentiating (3.2) with respect to zand using
the identity (2.2) in the resulting equation we
have
o 1 (000 )
h(z) A\ 1M ’
Therefore, one obtains

MDD (1 (1) f(2) — (A, Df @)

= h(2) + mzb (2).

The subordination (3.1) becomes
YA YA .
q(z) + 1 24 (2) < h(2) + mzh (2).
The conclusion of this theorem follows by
1+/

applying Lemma 2.1, with a =
}//1

Taking m = 0 in Theorem 3.1 we obtain the
following result.
Corollary 3.1. Let gbe convex in U, with g(0)=1,
Yy€EC,Rey>0.

f(2)

If f € &2 (1,n) such that — € dtl1,n nQand
1
(1 -y L2,

is univalent in U and the following fuzzy
differential superordination holds

4@+ L2q'(2) < 1 - L2+
T ADf(2)
y——=,
then
f@)
q(z) <¢ —/

and g is the fuzzy best subordlnant

Corollary 3.2. Lety € C*, Re y > 0, A # B such that
-1<B<A<L1
If £ € g2 (1,n) such that
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1 (M)f(z)edl_[ln

and

m A,l m+1 A,l
1 (Z)f(2)+yl ADf(2)

(1-7)
is univalent in U and satisfies the fuzzy

differential superordination
1+Az y_l (A-B)z

14Bz | 1+l (1+Bz)2 <¢ (1-
Mm@aDf(z) | 1ImADf(2)
N—,——+tr—;,
then
1+Az IMADf(2)
1+Bz F 4
and g(2) =

Corollary 3.3. Lety € C,Rey > 0.If f € 2 (1, n)

such that

m
1 (/1 Df(2) € 11, 1]

and
M QADf(2)
1-v p
is univalent in U and satisfies the fuzzy
differential superordination

Mm@
1 (':)f(z)+)/

yA 2z IMADF(2)
1-z m(l—z)2 <F (1 - ]/) z +
M ADf(2)
z

then

1+z Mm@ADf(2)

1-z 7 z
and g(z) = — is the fuzzy best subordinant.

Theorem 3.2. Let g;, g-be convex in U, with g:(0)
=qgA0)=1,yeC, Rey>0.

m
If f€ g (1,1) such that — 2@ ”f @

and

Edtllnn
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