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Abstract
In this paper we derive some applications of first order differential subordination and
superordination results involving a generalized multiplier transformations.
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INTRODUCTION

1.
Denote by U the open unit disc of the complex plane:

U={zeC:|z <1}

Let &# be the class of analytic functions in U and fora € Cand n € N let
Jt[a,n] be the subclass of &# consisting of functions of the form

f(z)=a+az"+amz"+..,2€eU.
Let &&(p,n) denote the class of functions f(z) normalized by
f(z) =2° + Xy pin arz®, (P, N €N = {1,2,3..})
which are analytic in the open unit disc. In particular, we set

AP,Ll) =& and A(1,1) = A =4
Let

A={fedt) f(D=z+amz™+..}
with 1= A4
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We denote by Q the set of functions f that are analytic and injective on
U\E(f), where

E(N = €0U: lim f(2) = o0}

and are such that f'(¢) # 0 for { € dU \E(¥).

Since we use the terms of subordination and superordination, we review
here those definitions.

Let f, F € g% The function f is said to be subordinate to F or F is said to be
superordinate to f, if there exists a function w analytic in U, with w(0)=0 and
|w(z)|<1, and such that f(z) = F(w(z)). In such case we write f < F or f(z) <
F(2).

If F is univalent, then f < F if and only if f(0)=F(0) and f(U) c— F(U).

Since most of the functions considered in this paper and conditions on them
are defined uniformly in the unit disk U, we shall omit the requirement " z €
u"

Let y : C3*x U — C, let h be univalent in U and q € Q. In [6] the authors
considered the problem of determining conditions on admissible function
such that

(1.2) v (p(2), 2p'(2), 2%p"(2); 2) < h(2)

implies p(z) < q(z), for all functions p € g#[a,n] that satisfy the differential
subordination (1.2).

Moreover, they found conditions so that the function q is the "smallest”
function with this property, called the best dominant of the subordination
(1.2).

Let :C3x U — C, let h € g#and q € g#a,n]. Recently, in [7] the authors
studied the dual problem and determined conditions on ¢ such that

(1.3) h(z) < ¢(p(2), zp'(2), 2°p"(2); 2)

implies p(z) < q(z), for all functions p € Q that satisfy the above differential
superordination.

Moreover, they found conditions so that the function q is the "largest"
function with this property, called the best subordinant of the
superordination (1.3).

For two functions

f(2) = 2+ X pn @ z* and 9(2) = 2 + iy 4 bez",
the Hadamard product of f and g is defined by

(f*0)@) = 2° + Yo pin Qb2
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MATERIAL AND METHOD

2. PRELIMINARY RESULTS

We Dbegin our investigation by recalling here a generalized differential
operator defined in [3].

Definition 2.1. [3] Let f € g&(p,n). For m € No=NU{0}, A€ R, A > 0,
/= 0, we define the multiplier trasformations 17*(4,1) on g#(p,n) by the
following infinite series

(2.1) I, Df(2) = 2+ Topun [R5,

It follows from (2.1) that
(2.2)
(p + DI (A Df(2) = [p(1 = ) + LI, Df (2) + 22(I7 (4, Df (2)).

Remark 2.1 For p=1, I=0, A>0, the operator I17*(4,0)=D;"* was
introduced and studied by Al-Oboudi [1] which reduces to the Salagean
differential operator [8] for A = 1. The operator I7*(1,1)=I]"* was studied
recently by Cho and Srivastava [4] and Cho and Kim [5].

In this paper, we will derive several subordination results involving
the operator 17*(4,1). In order to prove our main results, we also need the
following result.

Lemma 2.1 [6] Let q be univalent in U, y € C* and suppose

2q"' (2) 1
Re[l + prrs ] > max{O, —Re ;}.
If h is analytic in U, with h(0) = gq(0) and
h(z) +yzh'(z) < a(2) + vzq'(2),
then h < @, and q is the best dominant.

3. MAIN RESULTS

Theorem 3.1. Let q be univalent in U, with q(0) = 1, a € C*, m, B €
No={0, 1, 2, ...} and suppose
2q"' (2) p+l 1
Re {1 + prys } > max{o ——R a}
If f € &A&(p,n) satisfies the subordination
(3.2)
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B@Dr@ | (1m+1(/1 Df(2) — I (A, l)f(z)) <q(2) + zq (2),

zP
then
p (LD (z)
Z— <a@@)
and q is the best dominant of (3.1).
Proof. We define the function
(3.2) h(z) = T2,

Differentiating (3.2) with respect to z and using the identity (2.2) in the
resulting equation we have

2@ 1 BRAD g }
h(z) l{(p + l) a0 [p(l ﬂ-) +1+ Ap] .

Therefore, we obtains

' @Dr @) | (Im+1(/1 Df(z) —IQ, l)f(Z)) =h(z) + Zh (2).

Va4

The subordination (3.1) from the hypothesis becomes

h(z) + —Zh (2) <a@) +- Zq '(2).
We apply now Lemma 2.1 w1th Y = ﬁ to obtaln the conclusion of the
theorem. ©

If we consider m = 0 in Theorem 3.1 we obtain the following result.
Corollary 3.1 Let g be univalent in U, with g(0) = 1, a € C* and
suppose

Re[l + Zs,’é?] > max{O - p—”R 1}
If f € &A&(p,n) satisfies the subordination
(3.3) (1—a)%+al”(’lzlﬂ< (z)+ zq (2),
then
f(Z) <q(2)

and q is the best dominant of (3 3)

We consider a particular convex function q(z) = % to give the following

application to Theorem 3.1.
Corollary 3.2 Let a € C, A#B such that -1 <B<A <1andRe o> 0.
If f € &&(p,n) satisfies the subordination
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N\ BADf(2) I ADf(@) _ 1+4z | ad (A-B)z
(3.4) 1-a zP ta zP = 1+Bz * p+l (1+Bz)2

then

IZ'ADf(2) | 1+Az
zP 1+Bz
1+Az . .
and g(z) = ——— s the best dominant of (3.4).
1+Bz

Taking q(z) = g in Theorem 3.1 we obtain the following corollary.

Corollary 3.3 Let o € C and Re o > 0. If f € &(p,n) satisfies the

subordination

IZH(ADf (2) IHADf(2) 14z | ad 2z
(3.5 (1-a) St a — < ot (o)
then
I'ADS (2) 1+z
zP 1-z
and q(z) = % is the best dominant of (3.5).
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